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An appealing practical application of proof theory is formal verification, a set of
techniques that allow us to certify correctness properties of software, in particular
allowing us to ensure that an algorithm will never fail. During the last few decades,
various algorithms in which correctness is crucial have been formally verified, including
the operating system of the fully automated Line 14 of the Paris Metro. Indeed, there
are many critical systems for which plain testing is not enough, since we would like to
be completely sure of their correctness.

We are interested in the discipline of combinatorial search and optimization, a class
of techniques dedicated to finding, given a finite set of objects, an optimal one. Through
numerous breakthroughs, these techniques are able to solve various NP-hard problems
in reasonable time for practical inputs. But the rapid evolution of the state-of-the-art
combinatorial optimization algorithms is a breeding ground for all kinds of bugs and
safety concerns. Using formal verification techniques does not appear to be feasible in
this setting: although they provide very strong guarantees, traditional formal verifica-
tion techniques like model checking are slow and complicated processes that can hardly
keep up with the fast progress in this field: a successful alternative is using certifying
algorithms, which is also known as proof logging in this context.

Proof logging consists in making algorithms output a small proof of the correctness of
a particular execution, which can later be checked by a much simpler proof checker, fit
to be formally verified. Proof logging does not guarantee the general correctness of the
algorithm, but it does ensure the correctness of every execution accepted by the proof
checker. This offers both weaker and stronger guarantees with respect to traditional
formal verification: weaker because they are less general, and stronger because they
also certify every execution is free from isolated problems, like bit-flips due to cosmic
rays. Proof logging also offers a great opportunity for auditability and provides useful
debugging information when something does go wrong.

This is why we can observe an increased interest in proof logging techniques in the
last two decades, as exemplified by the mandatory introduction of proof logging for
SAT solvers in the main track of the SAT competition. Another discipline that can
benefit from proof logging is the field of pseudo-Boolean solving, in particular the
pseudo-Boolean-to-CNF encodings: the translation of pseudo-Boolean constraints into
CNF formulas. A number of pseudo-Boolean solvers work by translating the input into
CNF and then applying a SAT solver to the resulting clauses; at the moment, only the
proof logging of the second part of this process has been extensively adopted.

There are many different PB-to-CNF encodings, one of which is the Generalized To-
talizer Encoding (GTE). First introduced for cardinality constraints (pseudo-Boolean
constraints in which every weight is equal to one) in [1], it was extended to general
pseudo-Boolean constraints in [2]. The task of proof logging a PB-to-CNF encoding
has two directions: constraint to clauses, where we prove that every model (satisfying
assignment) of the original pseudo-Boolean constraint is also a model of the resulting



encoding, and clauses to constraint, in which we prove the converse.1 The direction
constraint to clauses of the GTE was certified in [3], and it ensures we don’t acciden-
tally erase models during the encoding; this allows us, for example, to produce proofs
of unsatisfiability, as exemplified by the proof logging of the iterative MaxSAT solver
QMaxSAT [4]. A proof of the clauses to constraint direction would ensure we don’t
accidentally introduce new models during the encoding; an application of this property
would be to certify techniques that need to preserve a certain correspondence of models
between clauses and constraint, like pseudo-Boolean model counting.

In this work, we present a proof of the clauses to constraint direction, to the best of
our knowledge for the first time. This proof can be used to ensure that projection onto
the original variables induces a one-to-one correspondence between the models of the
original pseudo-Boolean constraint and the models of the GTE encoding. To achieve
that, we first show that the traditional definition of the GTE based in [2] is incomplete,
in the sense that it introduces spurious models, and we present a simple extension to
the definition that makes it complete. Following the lead of [3], we reason via a cutting
planes derivation, in such a way that the proof can be readily transformed to a proof
logging implementation in VeriPB style, where the cutting planes proof system [5] is
an implicationally complete proof system that reasons with pseudo-Boolean constraints
and VeriPB [6] is the leading proof checker for pseudo-Boolean proof logging.
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1More precisely, since in general the PB-to-CNF encodings introduce new variables, what we prove in the
clauses to constraint direction is that every projected model of the encoding can be restricted to a model of the
original constraint, so that in the end, if we prove both directions, we obtain a one-to-one correspondence of
a certain kind of models rather than an equivalence.
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