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Absolute predicativism is a philosophical standpoint that rejects all self-referential
definitions, including those of inductive structures like the natural numbers and binary
strings. Various formalizations of absolutely predicative reasoning [9, 4] and computa-
tion [2, 3, 5, 8, 6, 7, 1] have been proposed. However, each theory or computational
scheme tends to be tailored to a specific structure and often relies on some syntactic
tricks. As a result, a unified, natural, and systematic foundation for such reasoning
and computation is still absent.

In this talk, we introduce a unified foundational system called Predicative Set Theory,
denoted by PST. This theory is a two-sorted weak set theory, with one sort for sets and
another for 3;-definable classes. Our main goal is to argue that PST, as a predicative
set theory, provides a structural foundation for feasible mathematics. It is worth noting
that, since no explicit bounds appear anywhere in the theory, there is no obvious
connection to computational complexity at first glance.

To support this main claim, we first show that, like any sufficiently strong set theory,
PST can define natural numbers following the von Neumann style. As a consequence,
it can also formalize a binary string of length n as a subset of the natural number
n =1{0,1,...,n —1}. Then, we show that the binary strings in PST form a model of
S3, the arithmetical theory formalizing feasible reasoning. This yields an interpretation
of S3 into PST by relativizing quantifiers to binary strings, demonstrating that PST is
strong enough to fully formalize feasible arithmetic. In particular, every polynomial-
time computable function is Xi-definable and provably total over binary strings in
PST. Conversely, we interpret the ¥i-fragment of PST on binary strings inside S3,
implying that the provably total ¥;-definable functions over binary strings in PST
are precisely the polynomial-time computable ones. Therefore, putting together, these
results support the claim that PST provides a foundation for feasible computation on
binary strings.

In the following, we present the details of the ideas outlined above. Let £ be the
first-order language with two sorts: one for sets and one for classes. The language
includes the predicates {€,=} on the first sort, and a binary relation X (z) between
the sorts. For simplicity, we sometimes write € X instead of X(z). A first sort
quantifier is called bounded if it is of the form Vy € x¢(z,y) or Jy € zp(z,y). A
formula is called bounded if it contains no second sort variables and all its first sort
quantifiers are bounded. We denote the class of bounded formulas by Ag. We define the
class X1 as the smallest class of formulas that includes Ag and atomic formulas of the
form X (x), and is closed under conjunction, disjunction, and existential quantification.
By X7, we mean the class of formulas in 3; with no second sort variables.

DEFINITION 1. The theory PST consists of standard first-order logic over £, along
with the usual equality axioms for sets and the following non-logical axioms:
e Extensionality: Vab(Vz (zr € a <>z €b) - a=0)
e Empty Set: dzVy—(y € )
e Pairing: VabIyVu(u €y <> u=aVu=>)
e Union: Va3yVz (z € y <> Ju € a(z € u))
e Ap-Separation: Ya3IyVz [z € y > z € a A ¢(z)], for all formulas ¢(x) € Ag, where
y is not free in p(x).
e ¥;-Comprehension: 3X Vz [X(z) <> ¢(x)], where ¢ € £1 and X is free in ¢.



The theory PST has a canonical model in which the sets are interpreted as elements
of Vi, i.e., the hereditarily finite sets, and the classes are interpreted as ¥} -definable
subsets of V,,. We refer to this model as the standard model of PST, denoted by V..

To represent natural numbers in PST, we take the empty set 0 as the number zero and
define the successor function by s(z) = z U {z}. A natural candidate for the predicate
“being a natural number” is N(z) = VX (Ind(X) — = € X)), where the formula Ind(X)
is 0 € X AVz(z € X — s(z) € X) which expresses that X is an inductive class. We
sometimes write N(z) as € N. This means that z is a natural number if it belongs
to the intersection of all inductive classes. Note that the elements satisfying N(z) form
neither a set nor a class, as N(z) is a I3 formula (i-e., essentially a formula beginning
with some universal second sort quantifiers, followed only by first sort quantifiers). This
captures the essence of predicativity: each definition of classes and then of N raises the
level, avoiding vicious circles. However, with IT}-comprehension, N satisfies the full
induction axiom, essentially because it becomes an inductive class itself.

Having natural numbers, we can interpret “z is a binary string”, denoted by W(z), as
x being a pair consisting of a natural number n and a subset of n. The first component
represents the length of the string, while the second encodes the bits of xz. We sometimes
write W(z) as z € W. Our first main theorem is:

THEOREM 2. If S3 F ¢ then PST F ©", where ¢™ is the suitable interpretation of ¢
relativizing all quantifiers to the elements of W.

As a corollary, Theorem 2 shows that all polynomial-time computable functions are
3] -definable, provably total, and unique in PST over W:

COROLLARY 3. For any polynomial-time computable function f, there exists o(Z,y) €
X7 such that V, EVZ € Wp(z, f(Z)) and PST FVz € W3ly € Wo(z,y).

The second main contribution is to prove a witnessing theorem showing the converse
of Theorem 2:

THEOREM 4. Let o(Z) € £ such that PST F VZ € W(Z). Then, S3 - VI ¢ (%),
where P is an appropriate encoding of sets via binary strings in Ss.

This implies that only X7 -definable total functions over W in PST are polynomial
time computable:

COROLLARY 5. If PST FVz € W3y o(Z,y), where p(T,y) € X7 . Then, there is a
polynomial time computable function f such that V., EVZ € W o(Z, f(Z)).

Here are some remarks about PST and the above-mentioned results. First, PST
employs an ezpressive set-theoretical language that enables the formalization of pred-
icative reasoning and computation on various inductive objects at once—from numbers
and binary strings to well-founded trees. Second, the structural approach of PST to
feasible reasoning, in which no explicit bounds appear in the theory, offers an alterna-
tive synthetic and structural understanding of feasible computation and helps extend
the notion of feasible computation from binary strings to arbitrary sets. Third, our
foundational approach reveals the unexpected foundational role of feasible computa-
tion and suggests that computational explosions and vicious circles are two sides of
the same coin. Finally, similar to [4], since PST defines numbers and binary strings
in the usual set-theoretic way, our results show that what makes computation in ZFC
infeasible is the wild comprehension it allows—such as powersets or classes defined by
I17 -formulas. Without such existential axioms, the base setting of computation remains
feasible.
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